Weyl-gauging of Topologically Massive Gravity 
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We construct a Weyl-invariant extension of topologically massive gravity which, remark- 
ably, turns out to include topologically massive electrodynamics, with a Proca mass term, 
conformally coupled to a scalar field. The action has no dimensionful parameters, therefore, 
the masses are generated via symmetry breaking either radiatively in flat backgrounds or 
spontaneously in constant curvature backgrounds. The broken phase of the theory, generi- 
cally, has a single massive spin-2 and a massive spin-1 excitation. Chiral gravity in asymp- 
totically anti-de Sitter spacetimes does not arise as a low energy theory, while chiral gravity 
in de Sitter spacetime is not ruled out. 



INTRODUCTION 



Unlike its lower spin cousins, interacting spin-2 theories in 3 + 1 dimensions suffer from two 

seemingly unrelated problems: The first one being the non-existence of a proper quantum field 

theory and the second one being the non-existence of a covariant mass. Clearly, the first problem 

is about the high energy regime while the second is about the low energy, in fact classical, regime 

of the theory. What is interesting is that to get a better UV behaved theory one usually adds more 

Q-i powers of curvature to the Einstein-Hilbert action as 

<D. 

£ = aR + aR 2 + PR 2 ^, (1) 



which then necessarily has a massive ^P m "2 particle in its spectrum in addition to the massless 
spin-2 (and massless spin-0) particles One might be tempted to conclude that the above two 
problems could be related, but since (pQ) is renormalizable but non-unitary, such a conclusion is 
not warranted. A similar situation exists in 2 + 1 dimensions for the particular combination of 
parameters 8a + 3/3 = 0, which is known as the new massive gravity (NMG) 0: The theory has a 
massive spin-2 unitary excitation but fails to be renormalizable [jj. 

On the other hand, in 2 + 1 dimensions, there is another dynamical theory of gravity, the topo- 
logically massive gravity (TMG) 0] which is both renormalizable 0] and unitary that propagates a 
massive spin-2 particle (with a single helicity mode). What is rather intriguing is that TMG with 
^ 1 a tuned gravitational Chern-Simons parameters in terms of the (negative) cosmological constant 

in an asymptotically A0IS3 spacetime might actually be a consistent quantum gravity theory albeit 
a chiral one [6| with a dual chiral 2D conformal field theory (CFT) on the boundary. Hence TMG 
is a candidate for which the above mentioned two problems might be related. A natural question 
about TMG is the following: Can one extend the theory in such a way that mass of the spin-2 
particle arises as a result of a symmetry breaking as in the case of Higgs-mechanism for lower 
spin particles? In 0-0 such a mechanism was shown to exist for NMG and its infinite curvature 
extension Born-Infeld-NMG [10]. Here we will answer the question in the affirmative by finding 
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a Weyl-invariant version of TMG which necessarily incorporates topologically massive electrody- 
namics (TME) and a Proca mass term. The action is scale-free but symmetry breaking takes place 
either spantaneously in the (A)dS vacuum or at two loop level about the flat vacuum. Spin-2 and 
spin-1 particles become massive as a result of the symmetry breaking. We find the perturbative 
spectrum of the theory and study its tree level unitarity by expanding the action up to quadratic 
order in the fluctuations of the fields. 

The layout of the paper is as follows: In section II, we construct the Weyl-gauging of TMG and 
find the masses of the fundamental excitations and also study the fluctuations about the vacuum 
of the theory. Section III is devoted to the TME-Proca theory in (A)dS. We conclude with Section 
IV and give the field equations in the Appendix. 



II. WEYL-GAUGING OF TMG 

It is well-known that Einstein's gravity in 2+1 dimensions, with or without a cosmological 
constant, does not have any bulk propagating degrees of freedom. This situation does not change 
if the theory is conformally coupled to a scalar field as 

S = f d 3 x^(^ 2 R + 8d^d^- (2) 

Even though it is not apparent from this action as it seems to have at least a ghost 1 scalar particle, 
this is a red herring as one can show [g] that conformally coupled scalar-tensor theory still does 
not have any propagating degrees of freedom by either directly expanding the action around its dS 
or flat vacuum (for v = 0) up to quadratic order in the fields or by going directly to the Einstein 
frame with the transformation g uv (x) = (-§^) 2 g^(x). Note that the requirement that one can go to 
the Einstein frame from the Jordan frame introduces a dimensionful scale which is the inverse 
of the Newton's constant. The latter method transforms ([2]) to pure cosmological Einstein gravity 

S = fd* X f^$l(R E - V -^. (3) 

On the other hand, if one adds the third derivative order, parity non-invariant, gravitational Chern- 
Simons term to the Einstein-Hilbert action, one gets the TMG 



s TMG = J d 3 x^^mR + ^(r{ a d^ p + ^ a r; T ri p 



(4) 



with a single spin-2 propagating degree of freedom with mass M grav i t0 n = — tct around its flat 
vacuum. Here is a rank-3 tensor and a, k are dimensionless and also m > is of mass 
dimension, for unitarity a < must be chosen in flat space. If a cosmological constant is added 



T 2 rr 2 
1 graviton k% 

Furthermore, if the cosmological constant is tuned as 



to (HD as — 2A, then the mass of the spin-2 excitation is shifted as M 2 aviton = a + A [ll|, |12| |. 



a 2 m 2 



A = --^' (5) 



one obtains the so called chiral gravity [6] with no bulk degrees of freedom (save the log-modes 
[lil ]) but a chiral boundary conformal theory. [See [bH ] for a recent discussion of how chiral gravity 
might appear in flat spaces.] 



1 We work with the mostly plus signature. 
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Chern-Simons term is invariant under the diffeomorphisms and conformal scalings of the metric 
only up to a boundary term in both cases. Obviously, TMG is not invariant under conformal 
transformations. One can take a = leaving the pure gravitational Chern-Simons theory which 
was studied before as a pure gauge theory [151] or more more recently in 16] in the context of 
holography. Another route is to use 
up to a boundary term) which reads 



to obtain a conformally invariant version of TMG (again 



ScTMG 



o<S> 2 R + 89 u $a^$ 

k / 9 



p<7 pr 



(6) 



It is clear that if the scalar field has a non-zero vacuum expectation value ($) = m 1 / 2 , then (Jf)]) 
reproduces TMG (JU). Note that as discussed in 0-0]) for the flat backgrounds the scalar field will 
necessarily assume a vacuum expectation value due to radiative corrections at two-loop level 
as in the Coleman- Weinberg mechanism in 3 + 1 dimensions 19|] . On the other hand for constant 
curvature spaces, conformal symmetry will be broken spontaneously in the vacuum. While this 
procedure provides a nice symmetry breaking origin to the topological mass in 2 + 1 dimensions, 
in this paper, we shall be interested in a more general symmetry and its broken phase: We will 
show that Weyl-gauging of TMG will yield an action which unifies TMG and its abelian gauge 
field cousin TME [J] whose action is 



Stme 



I d*x^-g[ - ±F% + ^F^A X ] , (7) 



and a Proca mass term. In flat backgrounds, TME has a single spin-1 excitation with mass 
Mg aU g e = TME-Proca theory has two spin-1 helicity modes with different masses. (See how 
these masses get shifted in (A)dS below). As discussed at length in [7M9I [2o|. Weyl-gauging of a 
Poincare invariant theory is equivalent to upgrading rigid scale invariance, x^ — > Xx^ and $ — > A d( 3? 
where d is the scaling dimension of the field, to a local one. This is implemented by introducing a 
gauge field (Weyl-gauge field) together with the following transformations of the fields and the 
metric, while keeping x^ intact, 

= - -A^, = d^g a p + 2A^g aj3 , (8) 

An — > A^ = A^ — d^^x), 

where we denoted gauge covariant derivative with T>^ to distinguish it from the spacetime covariant 
derivative to appear below. Note also that, we have written our formulas in 2 + 1 dimensions. 

To find the Weyl-gauged version of (jl]), we can use the following Weyl- invariant Christoffel 
connection 

f J„ = \g Xa (?W + V v9^ - , (9) 

or explicitly 

rj„ = r*, + SiAp + 8*A V - g^A\ (10) 
which yields a Weyl-invariant Riemann tensor as 
R» vpa \g,A] = ^^ CT +^,F pCT +2^V p] ^+2 5 ^ p V CT] ^+2A [CT <53^+2 5 ^ CT A p] ^+2^ [ /^ 2 , (11) 
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and a Weyl-invariant Ricci tensor 

R ua [g,A}=R\^[g,A] 

— Rvu Rya - 



in 



V a A v - A v A a + A 2 g h 



9ua^ • A, 



where V • A = V^^. One more contraction gives the scalar curvature 

R[g, A] = R — 2(n - 1) V ■ A — (n— l)(n - 2)A 2 



(12) 



(13) 



which is not Weyl-invariant, but, can be made Weyl-invariant with a compensating scalar field. 
Collecting all the pieces, Weyl-gauged version of TMG (jlj) can be written as 



S W tmg = J d 3 x^ a$> 2 [R - 4V.A - 2A 2 ] 



(14) 



Denoting the Lagrangian density of the gravitational Chern-Simons part of (|14|) as CS(T), one can 
show, with the help of (|l(jp . that 

(75(f) = CS(T) + ^A X F^ - [^ v g a °(d x g ua )A a - ^ v T» Xp A v ] . (15) 
Therefore up to a boundary term, Weyl-invariant TMG action reads 



S W tmg = J d 3 x^g~ o-$ 2 [R - 4V.A - 2A 2 ] 

J d 3 x^~g (T p Xa d,Tl p + \v p x X^l) + \ j d 3 x^~g e^A x F, 



k 
2 



(16) 



It is important to note that Weyl invariance is more general than the conformal invariance. If one 
takes the Weyl gauge to be a pure-gauge as 

A M = 2<Vn$, (17) 

then Weyl-invariant TMG (|16|) reproduces the conformally-invariant TMG ([U]) (up to the scalar 
potential which can be added by hand as was done in([U])). The fact that abelian Chern-Simons 
term comes from the Weyl-gauging of gravitational Chern-Simons term is quite interesting. In 
some sense Weyl-gauging unifies gravitational and abelian Chern-Simons theories. Needless to say 
that abelian Chern-Simons theory does not arise in the conformally-invariant version of TMG: it 
only arises in the Weyl-invariant version. 

We can also add the usual Weyl-invariant scalar matter part and the Weyl-invariant non- 
minimally coupled Maxwell part 

S* = -| j d 3 x^ (D^D^ + u^) , S A , =~jj d 3 x^~g ^F^F^. (18) 

Here all the parameters a, k, a, (3 are dimensionless, as imposed by Weyl invariance. One of the 
parameters could be set to 1 but we keep them to have the freedom to set any of them to zero. 
Mass dimensions of the fields are as: 

[ 9flu ]=M = l ; [$]= M 1 ' 2 ; [A p ]=M. (19) 
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Finally, let us collect all the pieces and write the Lagrangian density of the Weyl-invariant TMG: 

Cwtmg = ^ 2 [R - w.a - 2A 2 ] + k -e x ^ (r^r^ + j^r^r^) 



(20) 



In the symmetric vacuum, ($) = 0, the only term that survives is the gravitational Chern-Simons 
term without a propagating degree of freedom. The theory is conformally-invariant and the Weyl 
gauge field has to vanish due to the Maxwell term. [It is clear that the symmetric vacuum is a 
singular point. In fact whenever higher curvature terms either for the gauge field (Maxwell term 
here) or the gravity part, such as R 2 , are introduced in the Weyl-invariant setting, the symmetric 
and the non-symmetric vacua are disconnected. This is not possible to avoid with higher curvature 
terms. But of course with such an action, one could argue that symmetry is necessarily broken 
and the ($) = is not allowed.] On the other hand in the broken phase with ($) = m 1 ^ 2 , (|20p 
becomes 



av ' k e A^ (yP * _l 2 rP 



(21) 



Cwtmg = crmR - —m A + (T p Xa d^ p + -^1^ 

-JL F F w + K^a^F, -— (a<t + -\a 2 
Am ^ + 4 X ^ 2\ + U 

The first line is the cosmological TMG and the second line is the TME-Proca theory coupled to 
gravity. Relying on earlier works 11, 12], we can easily read the mass of the graviton in the (A)dS 
vacuum: 



ma , , , avm 




M; raviton = -j-2- + A where A = ^— . (22) 

As for the TME-Proca sector, all we know from the Literature is the masses of the two helicity 
modes in flat backgrounds 18|, 21] given as 

M± aUffe (A = 0) = $Ur^£- + ^(4a + 9) ± }. (23) 

In the special case of vanishing Proca term, that is when 16a + a = 0, only one of the helicity-1 
mode survives with a mass M + = the other mode becomes a pure gauge (this does not follow 
from (|23|) . one should go back to (|21|) to see it ). In the next section, we will find the mass of the 
gauge field in TME-Proca theory in (A)dS, but here let us quote the final result 

15A 

M 2 auge± (A jL 0) = — + M 2 auge± (A = 0) . (24) 

Let us now discuss the tree-level unitarity of the theory, that is its tachyon and ghost-freedom, 
both in flat and (A)dS backgrounds. In flat backgrounds unitarity requires 

a < 0, p > and a + ^-^ > -16a. (25) 

In AdS backgrounds (A < 0), we have more possibilities. For spin-2 particles Breitenlohner- 
Freedmann (BF) bound [i^, 23] should be satisfied, M 2 raviton > A, which is satisfied in our case. 



For the gauge field we should have M? e (A) > which leads to a bound on A as 



* gauge \ 

I 

15" 



A>--M g 2 ouge (A = 0). (26) 
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For dS backgrounds (A > 0) Higuchi bound [24|] M^ raviton > A > should be satisfied which does 
not bring any condition except the existence of a dS vacuum requires a > (assuming a > 0, v > 0). 

In studying the perturbative spectrum of the Weyl-invariant TMG above, we have frozen the 
scalar field to its vacuum value. One could suspect that this procedure cannot be conclusive in 
exploring the unitarity and the stability of the theory since it does not take into account the 
fluctuations in the direction of the scalar field. But as the following explicit computation reveals, 
the scalar mode is actually non-dynamical: If <& is not zero, by a choice of gauge it can be made to 
be constant. Let us now prove this assertion by naively expanding the action (|2lH) up to quadratic 
order in all the fields as was done in 0, 0, [25| 



$ = \pm + t$ l , g^ v = g^ v + rh^, 



^ [iA a 
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An = tA , 



r\Tl a ) L A^-r 2 hl(T^) L A 



iia) 



7 : 



(27) 



where we have introduced a small dimensionless parameter r to keep track of the order of ex- 

2 

pansions. Using these results, and the vacuum equation A = au ^ which follows from the 0(t) 
expansion of the action or from the full non-linear field equations given in the Appendix, (j2U[) at 
0(t 2 ), becomes 



L 



(2) 

WTMG 



d 3 X, 



-g 



6avm 2 &'j j 



8cj + - $ L V -A 



am 
~2~ 



] -{F^ + \e^A{Fi v -m{2a 



A\ 



up to irrelevant boundary terms which we dropped. Here the linearized tensors are 26] 



(28) 



R, 



2Ah° 



R, 



7 [iv "[iv 



-^g^R 



2Ah 



flVl 



R L 



VuVvW -ah- 2Ah. 



(29) 



We still have to decouple the terms in (f2"8"j) . to this end redefining the perturbations as 



°[IV 



''[IV 



g^L 



and 



A^ + 



(30) 



removes the coupling between the fields 



(2) 

WTMG 



d 6 x 



A(^) 2 + ^1K 



am 



k 



V - —C, 



am 



[IV 



a 



m 2(7 + - A 



(31) 



where the relevant shifted tensors read 

2 



(R^)l 



2 



(V^$ L + 5^n$L), R L = R L + + 3A$ L 



m 



7 [IV 



(V^ L - g^O<f> L - 2Ag^ L ) , ITC% = bTC^, 



[IV 



-~h? v G L „ v + -^=R l <5>l + — + — A$|. 

p Jm m m 



(32) 
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As expected from the discussion of the previous section, (|31|) describes a parity-non-invariant 
massive single spin-2 and a parity-non-invariant massive spin-1 excitation whose masses are given 
respectively as (|22|) and (|24[) . Let us now show how the latter mass can be computed. 



III. TOPOLOGICALLY MASSIVE ELECTRO DYNAMICS-PROC A THEORY IN (A)dS 



Consider the field equation of the TME-Proca theory in a generic background (we shall specify 
to (A)dS at the end ) 



aV v F u » + be Xu >*F Xu + cA» = 0, 



(33) 



with a / ; 6^0; c^O. We would like to find the masses of the fundamental excitations, so we 
must convert (|33|) to a wave type equation. Taking the divergence of (|33|) . one gets 



VpA* = 0. 



(34) 



Namely, for c / 0, Lorenz gauge is imposed, which removes 1 out of the 3 possible dynamical 
degrees of freedom. [ Note that if c = 0, then Lorenz gauge can be chosen.] Defining 

1 



B* = e» Xv V x F v , (35) 

it is easy to show that B 11 = V a F afl . Applying the operator e aufl V u to (|3"3"1 ) yields 

ae^'V^ + 2be a ^V u F )1 + ce^V^ = 0. (36) 



With the help of 



one can get 



e au ^V u Ba = OF a - R a sF , 



B ( 



1 

2b 



[nF a - R a pF^) + cF c 



(37) 



(38) 



Applying e aX a V x to flSSD and using V a B a = 0, which follows from the Bianchi identity, one obtains 

aUB a - aR a a B a + 2be aXa V x B a + cB a = 0. (39) 
Plugging (|38p into (|39j) gives a fourth-order equation for TME-Proca theory in a generic background 



^□ 2 + ( ^R% - ^5% + 2b5% ) □ 



,2 

2b°? 

a 
2b 



ac , 
T 



/ac 
\~b 



k 6 ? 



F p = 0. 



(40) 



Specifically, by setting R a p = 2A5 a p, we get the corresponding result for (A)dS 



— cr + 
2b 



/2Aa 2 ac 



— + 2b)U + 



V b 

If one further sets A = one gets the flat space case 



2a 2 A 2 2acA „, c 2 \ 



F a = 0. 



2 



2b 



F? = 0, 



(41) 



(42) 
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from which the masses follow as 

„ i . If k 2 m 2 4m/, a\ mlfel 1 ., . 

M± uge (A = 0) = -|y + —(4a + -) ± -II j, (43) 

where we have put o=m'^ = f' c = ~~ X = ~~ rn(Ao + a/4). 
For (yl)rfjS' the equation (|4"Tj) can be factored as 

^(n-e + )(a-£)F a = o, (44) 

where 

^^2A + M 9 2 aM9e± (A = 0). (45) 

From (|44|) it is clear that there are two propagating degrees of freedom with generically inequivalent 
masses, as required in this parity non-invariant theory. To actually read the masses of these spin-1 
degrees of freedom we have to recall that in D = 2 + 1-dimensional AdS space, a massless gauge 
field, that is a gauge field that propagates on the null cone obeys not UA^ = but 

(p + -A)A tM = 0, (46) 

where we assumed the Lorenz gauge V^A M = [27]. Therefore from (|44j) it follows that helicity 
±1 components of the gauge field have the masses given by (|24p. 



IV. CONCLUSIONS 

In this work, we have shown that Weyl-gauging of the gravitational Chern-Simons term gener- 
ates the abelian Chern-Simons term. This result, augmented with the other Weyl-invariant scalar 
field-compensated Maxwell and Einstein actions, yields the most general Weyl-gauged topologi- 
cally massive gravity coupled to topologically massive electrodynamics with a Proca term. We 
have calculated the particle spectrum and studied the quadratic fluctuations of the theory around 
its non-symmetric vacuum. Both the spin-2 and spin-1 excitations get their masses via symmetry 
breaking of the Weyl-symmetry. 

A natural question is whether or not chiral gravity arises in the broken phase, low energy limit 
of the theory. To answer this, we must first find a way to calculate conserved charges in this 
model. Fortunately, this was done in [28| where it was shown that conserved charges defined in 
[2^] are intact under conformal transformations (or change at most by a multiplicative constant) if 
the conformal scaling of the metric does not dramatically change the symmetry and the boundary 
structures. Relying on these results, we can show that the existence of an AdS vacuum ( A < 
which requires a < ) is not consistent with the positivity of either left or right central charges. 
Therefore chiral gravity does not arise as a critical point in the Weyl-gauged TMG. On the other 
hand, dS case ( for a > ) still might be compatible with a conformal field theory in S 2 along the 



lines of 29f] which deserves a further investigation. 
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Appendix: Field Equations of WITMG 

We have found the maximally symmetric vacuum from the 0(t) expansion of the action, but, it 
pays to check this result from the full non-linear equations which we give here. In any case, these 
equations are needed for future work on the exact solutions etc. of the theory. 

The variation of (|2U|) with respect to g^ u results in 



a 



a 



& z Gfiv + gp,n& - V M V^ - 4& Z V^A U + 2g^ z V.A - 2<S> Z A^A U + g^ 2 A 2 



av 



P 



+j 9fMU D a <S>D a <S> + ^-g^ b ~ ^D,&D V * + ^-g^~ 2 F 2 afi + ^~ z F^F a u + kC l 



P. 



fJbV 



(47) 



With the help of = V ^ - \A^, the equation (071) can be written as 



o&G^ + (a - ^)g^a<4> 2 -(a- |)V^V^ 2 - (4a + |)$ 2 V M A„ + (2a + ^)g^ 2 V.A 
- (2a + ^ 2 A,A U + (a + fyg^&A 2 + jg^^f + ~ ~ (V M *)(V V *) 



+ L^- 2 F 2 p + ^- 2 F lMX F a v + 



4' 
0. 



(48) 



The variation of (j2U[) with respect to A^ yields 



ft X 



at , 



(4a + - (4a + J)* a A„ + -e^V x A u - p\/ v (<4>~ z F^) 



(49) 



And finally the variation of (|20p with respect to results in 



R - 4V.A - 2A 2 



+ a 



□$ _ I$v.A - -$A 2 - 3zv$ 5 
2 4 



2 



0. 



(50) 
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